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ANNALS OF MATHEMATICS. 



Vol. I. May, 1884. No. 2. 

ON THE LUNAR INEQUALITIES PRODUCED BY THE MOTION OF THE 

ECLIPTIC. 

By Dr. G. W. Hill, Washington, D. C. 

[continued from page id.] 

Also we get 

It ydz — zdy 1 , '^ ^^ ~ 1^ \ l ~ ,« , \ 

2-- -J- — ^— = — (2 H m') Y~ cos (C — rn — -mr- cos ((T -I- >? — 2t) 

n dC^ ^ 12 ' ' n -• " 4 '« V' ■ / / 

— 6m^ (i -{- cos 2t) sdz ^ 4^- cos [l^ — ■/]) + (2 — ~m) ;'-cos (^ — ■/] — 2r) 

— 4r^ cos (C + rj) + (2 — hn) r|cos (C — Y/ + 2t) 

— (2 — %n) j-^ cos (C+ >? — 27") — 2;'^ cos (f + -/^ + 2r), 
sdz sin 2T .d^ = mj ~ cos (^ — -/y — 2t) + ;«;-— cos (J' — -/^ + 2r) 

+ /„ cos (C + ■-? — 2r), 
and, by the addition of these three equations, 

U' = r-\ 2 cos (iT— // ) + (2 + ' ;«) cos (f — --y — 2r) + (2 + ^- »/) cos (^— -^ + 2r) 
— 4 cos (^+ -//) — (i — hn) cos (ir+ i^ — 2r) — 2 cos (^+ // + 2r) ■ . 
In the next place 

3;«-?i..^J sin(C + /,-2r))>, 
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in^zdz sin 2r = /- < ( i + |m) sin (^ — -y — 2t) — ( I + -^ni) sin {Z^ — ^ -f- 2r) 



— (i + 5;«) sin (C + --y — 27-) + sin (C + 5? + 2r) I , 

+ [^'" - -A - 3%'^0 '°' (^- '^ + ^^) 

+ [3'''^' + 2^^"' + f ) ''°' (^ + "'?) 

- ('^"' + "^ + TTil''^) '^°' (C + -^ - 2r) 

+ ^ cos (C+ >? + 2O + ^ cos (^ + ;j _ 4r) I . 

In these expressions the terms depending on the argument Z, — )y are omitted 
because the co-efficient belonging to this argument in <?/ will be deterrriined from 
the differential equation given specially for this purpose. 
Remembering that 

dC '4 32 128 ' 

the following expression for U" is readily obtained ; — 

f^' = r^l \yn~^ + -^ + ^'^J cos (c — ■-? — 27-) 

+ [^^-^+^»«-^+f|]cos(C + -^) 

- [2^^"' + 3 + Hi'^] ^°^ (: + >?- 2r) 

+ ?icos(C + '? + 2r) + ^cos(C+--y-4r)|. 
Let us put now 

^^^ = ^^{ ^1 cos (C — ■-?) + ^2 cos (^ _ ;y — 2r) 

+ ^3 cos (^ — :f + 27-) + 5, cos (C + ij) + B, cos (C + >? — 2r) 
+ 56Cos(C + :y + 2r)|, 
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o^' = r^^ I Ci sin (C — yj) + C; sin {r — rj — 2t) 

+ Q sin (^ — ,j + 2I-) + C, sin (C + ri) + C; sin (C + >? — 2r) 
+ C.sin (C + -f + 2r) + C;cos(C + )J -4^) | . 



To a sufficient degree of approximation 

C^ 6m^ sin 2t, 

D= — 



57„,^_97„,, 



(3'«' 



'z"*) cos 2r, 



i;^ 3/«^ sin 2r. 

Substituting the expressions for rdi- and (5/ in the differential equations which 
serve to determine them, the following equations of condition between the co- 
efficients are obtained : — 

Bi = 2, 

- (3 - 8;«) B, + (3;«^ + |;«^) C, = 2+- m, 

2 4 



- (3 - 8;/0 ^3 



(3'« 



^;«^) C, 



-^. 



fr^+B-O^^ 



^-^ c-i = 2 + -« 
2 4 

3^4 = 4, 

3. 



I 



15^6 + 3'«'C, = 2, 



(2 — 2W 
(2 



-i>h C, 



('?;«^ + ^w/ 1 (f, — 2^2 = — -w-i — ' — \i, 



21 n 



12 ' ' L4 ' 4 J ' " 2 23 

I7„,2^ /^ fa 



-W^) C — 



2;;,3 



C, + 2^3 : 



I;«-l + i + 1.37^ 

2 16 384 



(2;;/ + ^;//^) Q — f ^'« + -;4'«' + ^1// "'■' I '^4 



(2 + -'^;«^) C; + 2B, = %n-^ + \m-^ + 4.9 
32 



584 



4 ■ 4 



1 _i 7 839 

2 3 144 



4(f6— 2;//'C;-f 2i9,= 



25 
12' 



2^7 = -4 
' 16 

To obtain an equation for determining Cj we employ the special differential 
equation we have given for this purpose. Here we have 






121 4 

-j ;;r 

32 



1 1 



-w^ H- 



85 ,1 



;;/ cos 2r, 



J 
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-7r I = — 2W*, 



21 



'^nv' i I + cos 2w) = ^!ii^ —-;«'' A m^ cos 2r, 

2 ^'2 l6 2 

fl'/^ f r/r V , 21 ,, , - , 21 2 405 4 , / ^ 2 , 85 s^ 

-;■-, — — J- \ A /w'^ ( I + COS 2tf ) ^ I H nr — ^^-;«* + (i6;«'' + -?>«') cos 2 r. 

d^^ Ird^J 2 ^ ^' 2 32 ^ 6 ' 

Retaining only the term whose argument is ^ — vj, 

( d/? r^r V , 21 ,, , ,1 , 

id?-'- teJ + -3-^(' +<=-2^) h'^- 

= — (7 — -5-;« ?-^^;«^) ;-- cos ((^ — ») . 

^' 8 192 ' n ^^ " 

In addition 

"''' / - , 13 ■iN • 

-T- = (2m- A -iir) sin 2x, 

I'd': 3 

dr d{sos) , , 223 2- TT ,„ , 

Tiyds — sdy / , I 2\ ^ /^ \ 
- ^nd: = (4 + g'«^) 7„ cos (C - ■^) . 

Let us write the series for z 

s=r\ ?i sin .; + ^2 sin (2r — rj) + q^ sin (2r + )y) 
then 

sds = - {A,qi — A,g, + A^^) j-^^ cos (^ — yy), 
(jfe f / , 3 9 Q K 27^ ,, 

d^ ' \^ \ 32 128 '^' ' 

-f ( I — 2m — ^;«2) ^2 COS (2r — 5j) + 3^3 cos (2^ + ly) | , 

'^^ = SJ { ^1 c°s - — ( I — 2'«) ^2 cos (C — 2r) + lA; cos (C + 2r) I , 

,fc _. g '^ = _ i I r 3„,2 _ 9 „,s _ 27| ^ A 
d!: d': 2 \ 1^4 32 128 J 

+ (4,« _ :y,«2) ^^^^ + 8^3^3 1 r\ COS (C - ->f) . 

Substituting in the last equation the values of A-^, ^,, etc., it becomes 

dsd.oz fi 3 253 2I ~ /^ \ 
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Also we have 

— 3;«^ (i -|- 3 cos 2t) rdr ^ {^im^B-^ + ~m^{B^ + B^'] y- cos [^ — rj) , 

but from the previous equations of condition, B^ == 2, and B^ + i?3 = — -, hence 

— 3;«^ (1 + 3 cos 2r) r(?r ^ o. 
In addition 



dR 
dl ~ 


— 


- -m'- sni 27-, 








dR., 


— 


4 ^ 


-Q 




cos(C 


-=7). 


.,<// 
'^<= 


I 


— -;«2 + 


Q"" 


+ 


4 J 


cos 2X 



— 3"if'^-Jy< = W r[Z>«^- + £(r(^r — sdz)'] dC, 
ynCncUdr = — I r5Z;«3 j^ i?|^wO (fi 

- {6m + 2;«^) ( C2 + Q) } r^ cos (C -r/) , 
3M fj^'rorrt'^ = (6;« + §;«^) (^^2 — B^) y- cos (C — ^) , 
— 3;« j EjsdjsdC = — -^m — ^'■^^) 7 ~ *-o^ (C — V)- 
Thus is obtained the equation which determines C^: — 

U 



32 



128 ' ' 



2 



(C2-Q-[ 



2 



'{?"'• I ^. ^ 



(6;;^ + 2;«2) (B, - B, + Q + Q 



'25, 



^;« -Tin 

ID 96 



But the previous equations of condition furnish 

r- n I -1 215 



19 



97, 



27 



consequently 



i?3 + C-2 -+ C3 = I ^;«^ + ^ ;«3 I C, - A + __/_;;,;, 



1^4 32 128 J ' 2 8 96 
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and 

^ lo „ I _, 503 
3 4 96 

Solving the remaining equations of conditions we get 

8X= { ^;«-^ — ~ m-' — 5-3 1 /- sin (r — y]) 
I, 3 4 go j n ^ ■ '^ 

+ -m~^ H r- sin (r — w + 2t) 

L4 32 J '» ^- ' ^ 



( 



-4 3 

2 I ^ TT 

~m~'^ + -»«~' H- o r- sin ((!;■ + ») 

3 4 J « 



The expression for the inequalities in latitude is 

5/3^if=_a«-+i;..->+H+l^;«>sinC 
' r L3 2 3 288 J « ^ 

+ ri,«-. + iZ + i^7,„l£sin(C-2r) 
L2 12 288 ) n ^^ ' 



5:5 '« i - sin (C + 2r) 

'-> "88 J » ^^ ^ 



_ H + 1£43„, 1 JT 
1 12 2 

II TT . 

-] ;m— sin (C — 4r) 

32 « ^- ' 



L3 2 48J « ^- ' 

4;«-2 ^_ i;„-i ^. 13 1 JL^,^ (^ ^ f) 

3 2 3 j » V. I / 



+ 



2in~^ -|- 2 r- sin ((T — 2r 4- f) 

%n-' -I- 57] ,.-sin (r + 2r — ?) 
2 48 J ;/ 

-7//-' -I ^ L--sin(r— 27 — c) 
2 24 j ;/ ^ ■ 
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— "^-e^ sin (;: + 2r + c) 

+ "^^ sin (^ - 4r + f ) . 
10 « 

[to be continued.] 



NOTE ON A UNIQUE PROPERTY OF AN AXISYMMETRIC DETERMINANT 

OF THE FOURTH ORDER. 



By Prof. 


Thomas Muir, 


Bishopton, Scotland. 


The determinant in question is 






a b c 






a d e f 
b e g h 


, or Q say, 




c f h k 





its only specialty as an axi.symmetric determinant of the fourth order being that 
it has a zero in the place (1,1) . Now if we take the minor 



, or K say, 



and substitute in it for a and b the complementary minors of h and/ in i?, it is 
found that, curiously enough, the new determinant is divisible by the old, the 
quotient being 






a b 


a 


d e 


b 


e K 






a 


b - 


— c 


a 


d 


e 


f 


b 


e 


g 


h 


c 


f 


h 






That is to say, if //and /^denote the complementary minors of ,^ and/ in Q 
we assert the identity 



H 


F 







a b 


H d 


e 


= 


a 


d e 


F e 


g 




b 


e g 






a b 


— c 


a 


d e 


f 


b 


e g 


h 


c 


f h 






